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Abstract
We explore the rich and unique magnetic quantization of Si-doped graphene defect systems
with various concentrations and configurations using the generalized tight-binding model. This
model takes into account simultaneously the non-uniform bond lengths, site energies and hopping
integrals, and a uniform perpendicular magnetic field (Bz zˆ). The magnetic quantized Landau levels
(LLs) are classified into four different kinds based on the probability distributions and oscillation
modes. The main characteristics of LLs are clearly reflected in the magneto-optical selection rules
which cover the dominating ∆n = |nv − nc| = 0, the coexistent ∆n = 0 & ∆n = 1, and the specific
∆n = 1. These rules for inter-LLs excitations come from the non-equivalence or equivalence of the
Ai and Bi sublattices in a supercell.
1
ar
X
iv
:1
80
8.
10
38
2v
1 
 [p
hy
sic
s.c
om
p-
ph
]  
30
 A
ug
 20
18
I. INTRODUCTION
Magnetic quantization is one of the mainstream topics in the physical science, such as
the rich magneto-electronic properties1–3, magneto-optical selection rules,4–6 and quantum
Hall effects in few-layer graphene systems.7–9 Diverse physical phenomena could be
achieved by changing the atomic components,10 the lattice symmetries,11,12 the lattice
geometries such as planar, buckling, rippled, and folding structures,13–15 the stacking
configurations,16,17 the number of layers,18,19 the distinct dimensionalities,20,21 the spin-
orbital couplings,2,22 the single- or multi-orbital hybridizations,23 the electric field,24 and
the uniform or non-uniform magnetic field.2,25 In this Letter, we aim to investigate the in-
teresting quantization phenomena of monolayer graphene under the effect of Si-doped defect.
Monolayer graphene presents the unusual essential properties, mainly owing to the
hexagonal symmetry and the single-atom thickness. The isotropic Dirac-cone structures,
initiated from the K and K′ valleys (corners of the first Brillouin zone), are magnetically
quantized into the unique LLs, with the specific energy spectrum proportional to the square
root of the magnetic-field strength and quantum number of valence and conduction LLs,
√
Bznc,v. This simple relation has been verified by the scanning tunneling spectroscopy
(STS),32 optical spectroscopies,26 and transport equipment.7 The magneto-optical absorp-
tion peaks are identified to satisfy a specific selection rule ∆n = |nv − nc| = 1, directly
reflecting the equivalence of A and B sublattices. Such rule determines the available
scattering processes, leading to the unconventional half-integer Hall conductivity of σxy =
(m + 1/2)4e2/h,7 in which m is an integer and the factor of 4 represents the spin- and
sublattice-dependent degeneracy. This unusual magnetic quantization is attributed to the
quantum anomaly of nc,v = 0 LLs associated with the Dirac point.
The fundamental properties are efficiently modified by creating a defect effect such as
substituted impurities or guest atoms in a hexagonal carbon lattice. Various guest-atom-
doped graphene systems are expected to present the unusual physical phenomena and
possess potential applications. Up to now, carbon host atoms are successfully substituted
by the guest atoms of Si,27 B,28 and N28,29 through the chemical vapor deposition (CVD)
or arc discharge methods. These new 2D materials exhibit the non-equivalence of the
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original A and B sublattices, leading to the possible existences of energy-gap engineering
and the tilted Dirac cone. According to the first-principles calculations on the Si-doped
graphene,30,31 the pi bonding extending on a hexagonal lattice is distorted or even destroyed
by the different ionization potentials and the non-uniform hopping integrals. That is,
there exists a greatly modified Dirac cone or a significant energy gap, and the Si- and
C-dominated low-lying band structure. The drastic changes in energy dispersions, band
gap, and atom-dominated wave functions will play critical roles in diversifying the magnetic
quantization phenomena.
Tight-binding model is an appropriate method to investigate essential magnetic
properties of any 2D layered materials, including the magneto-electronic properties,39
magneto-optical and quantum transport properties via the dynamic and static Kubo
formulas; magneto-Coulomb excitations within the modified random-phase approximation.
Here, we develop the generalized tight-binding model built from the subenvelope functions
on the distinct sublattices, collaborated with the dynamic Kubo formula from linear
response theory, to fully explore the diversified electronic and optical properties in Si-doped
graphene. The complex combined effects, which arise from the distinct ionization potentials,
the non-uniform hopping integrals & bond lengths on a deformed hexagonal lattice, the
various Bz-induced Peierles phases, and the excitations of electromagnetic waves, are accu-
rately included in the huge Hamiltonian matrix. To overcome such problem in numerical
calculations, the exact diagonalization method is proposed to solve magneto-electronic
properties and magneto-optical spectra more efficiently.39 Various kinds of LLs appearing
during the variation of Si-distribution configuration and concentration is thoroughly
investigated. Their main features, characterized by probability distributions and oscillation
modes, are clearly illustrated by the distinct magneto-optical selection rules. Apparently,
this work could open a new research category in the fundamental properties of 2D layered
materials. The theoretical predictions require further experimental verifications using
STS,17,32–34 magneto-optical spectroscopies,26,35–38 and quantum transport measurements.7
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II. METHOD
Four types of typical Si-doped graphene systems can clearly illustrate the diversified
properties. They cover (type I) 2:16 concentration under the Si-(A1, A6)-sublattice
distribution (red balls in Fig. 1(a)), (type II) 2:16 concentration for the -(A6, B4)
configuration (green balls), (type III) 2:64 concentration related to the (A1, A19) sublattices
(Fig. 1(b)) , and (type IV) a pristine one with the equivalent A and B sublattices. The
types I and III (type II) presents the non-equivalent (equivalent) Ai and Bi sublattices
in a Si-induced unit cell, while both A and B sublattices are fully equivalent for pristine
graphene. For example, the type I has a rectangular traditional cell comprising two Si and
fourteen C atoms, which is consistent with the Landau gauge under Bz zˆ. There exist a
slight buckling near the guest atoms (∼ 0.93 A˚ deviation from graphene plane) and the
distinct C-C and Si-C bond length (1.42 A˚ & 1.70 A˚), according to the first-principles
calculations.30,31 Though this indicates remarkable modifications of the pi bonding extending
on a hexagonal lattice, the non-uniform site energies and nearest-neighboring hopping
integrals due to the major 2pz orbitals of C host atoms and the minor 3pz orbitals of Si
guest atoms are sufficient in understanding the low-lying energy bands. These parameters
are optimized as Si−C=1.3 eV, γC−C=2.7 eV and γSi−C=1.3 eV, respectively, in order to
reproduce the band structures from the first-principles calculations. They are valid for
many different distribution configurations and concentrations of Si-doped graphene systems.
A. Tight-binding Hamiltonian
In Si-doped graphene, the unit cell is expanded as (n~a1, n~a2), where ~a1 and ~a2 are the
lattice constants of pristine graphene and n is the cell multiplicity of the supercell. The
concentration of the Si guest atoms in graphene is defined as 1:2n2, as illustrated in Fig.
2. The low-energy essential properties are mainly determined by the C-2pz and Si− 3pz
orbitals. There are 2n2 sublattices in a supercell, including Ai and Bi, as clearly shown in
Figs. 2(b) and 2(c). The zero-field Hermitian Hamiltonian matrix covers the non-uniform
bond lengths, site energies and nearest-neighboring hopping integrals, which is expressed as
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(a)
(b)
(c)
FIG. 1: (Color online) Geometric structures of Si-doped graphene systems of (a) (type I) 2:16
concentration under the Ai- (red balls) and (type II) [Ai, Bj ]-sublattice distributions (green balls),
(b) (type III) 2:64 concentration for the Ai-sublattice distribution. An enlarged rectangular unit
cell in Bz zˆ is presented in (c).

Hi+2nj−2n,i+2nj−n = H∗i+2nj−n,i+2nj−2n = ti+2nj−2n,i+2nj−nf1
Hi+2nj−2n,m(i)+2nj−n+1 = H∗m(i)+2nj−n+1,i+2nj−2n = ti+2nj−2n,m(i)+2nj−n+1f2
Hi+2nj−2n,i+2n[m(j)+1]−n = H∗i+2n[m(j)+1]−n,i+2nj−2n = ti+2nj−2n,i+2n[m(j)+1]−nf3
H1,1 = Si−C .
(1)
Here,
tα,β =
 γSi−C , if α or β equal 1γC−C , otherwise. (2)
5
f1,2,3 = e
i~k. ~R1,2,3 , where ~k is the wave vector and ~R1,2,3 are the vectors connecting the
nearest-neighbor lattice sites, m(k) is modulo function which defined as m(k) = k + n − 2
mod n, and i, j are the integers (i, j = 1, 2, 3, ..., n).
(a) (b)
(c)
FIG. 2: (Color online) The geometric structures of (a) pristine graphene and Si-doped graphene
for (b) n = 2 and (c) arbitrary n.
The presence of a uniform magnetic field (Bz zˆ) significantly change the physical features
of the systems. The dimension of the magnetic Hamiltonian matrix is determined by the
guest-atom- and vector-potential-dependent periods, in which the latter is much longer
than the former, and their ratio is assumed to be an integer for convenience in calculations.
The vector potential is chosen as Bzxyˆ and this creates a position-related Peierls phase of
∆Gmm′ =
2pi
φ0
∫ Rm
Rm′
A(r) · dr in the nearest-neighbor hopping integral.39 The intrinsic atomic
interaction becomes γC−C∆Gmm′ and γSi−C∆Gmm′ . Due to the periodicity of the Peierls
phase, the primitive unit cell is extended in the xˆ direction to be a long rectangular, as
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indicated in Fig. 1(c). It is noticed that, for convenience, we redefine the original unit
cell as a rectangular form, referring to Fig. 1(c). The magnetic Hamiltonian dimension is
changed to become 4n2RB × 4n2RB, in which RB is defined as the ratio of flux quantum
(φ0 = hc/e) versus magnetic flux through each hexagon, e.g., RB = 8000 at Bz = 10 T.
For the type I of guest-atom distribution, such unit cell covers 16RB atoms (8RB A and
B atoms). Thus, the Bloch wave functions under a Bz zˆ can be expressed in term of the
linear superposition of the 16RB tight-binding functions in an enlarged unit cell. The huge
complex matrix could be solved more efficiently by transforming it into a band-like one
under the rearrangement of the tight-binding function.39 In addition, the investigation of
localization feature of the magnetic wave functions greatly reduces the computation time.
After the exact diagonalization of the giant magnetic Hamiltonian, the LL wave function,
with quantum number nc,v, could be expressed as
Ψ(nc,v,k) =
Tsi∑
i=1
RB∑
α=1
[Ai,α(n
c,v,k)|ψi,α(A)〉+Bi,α(n,k)|ψi,α(B)〉]. (3)
In this notation, ψi,α is the 2pz- or 3pz-orbital tight-binding function localized at the
Ai or Bi sublattice. Ai,α(n
c,v,k)(Bi,α(n
c,v,k)) is the amplitude on the Ai (Bi) sublattice.
Specifically, all the amplitudes in an enlarged unit cell could be regarded as the spatial
distributions of the sub-envelope functions on the distinct sublattices; they therefore
dominate the main features of the LL wave functions.
B. Absorption Function and Gradient Approximation
When the Si-doped graphene exists in an electromagnetic wave, the occupied valence
states are vertically excited to the unoccupied conduction ones. In addition to ∆k = 0,
the electric-dipole perturbations require the inter-LL excitations to satisfy a new magneto-
optical selection rule of ∆n = 0. Such interesting behavior has never revealed in other
layered condensed-matter systems. According to the linear Kubo formula, the intensity of
magneto-optical excitations is characterized by
7
A(ω) ∝ ∑
nc,nv
∫
1stBZ
dk
(2pi)2
∣∣∣〈Ψc(nc,k)∣∣∣Eˆ ·P
me
∣∣∣Ψv(nv,k)〉∣∣∣2
×Im
[ 1
Ec(nc,k)− Ev(nv,k)− ω − iΓ
]
. (4)
The square of velocity matrix element (
〈
Ψc(nc,k)
∣∣∣ Eˆ·P
me
∣∣∣Ψv(nv,k)〉) determines the available
excitation channels and the spectral strength, since it is associated with the spatial distri-
bution symmetries of the initial and final LLs. The second term in the integral function
is the delta-function-like joint density of states arising from the inter-LL transitions
of (nv,k)→ (nc,k), in which the broadening factor is Γ = 1 meV. Eˆ, P and me are,
respectively, unit vector of electric polarization, momentum operator and bare electron
mass. Because the direction of the planar electric field hardly affects optical absorption
spectra, Eˆ ‖ xˆ is chosen in the current work.
The velocity matrix element is evaluated from
〈
Ψc(nc,k)
∣∣∣ px
me
∣∣∣Ψv(nv,k)〉
=
Tsi∑
i,i=1
RB∑
α,α′=1
{A∗i′,α′(nv,k)× Ai,α(nc,k)
〈
ψi′,α′(A)
∣∣∣ px
me
∣∣∣ψi,α(A)〉
+A∗i′,α′(n
v,k)×Bi,α(nc,k)
〈
ψi′,α′(A)
∣∣∣ px
me
∣∣∣ψi,α(B)〉
+B∗i′,α′(n
v,k)× Ai,α(nc,k)
〈
ψi′,α′(B)
∣∣∣ px
me
∣∣∣ψi,α(A)〉
+B∗i′,α′(n
v,k)×Bi,α(nc,k)
〈
ψi′,α′(B)
∣∣∣ px
me
∣∣∣ψi,α(B)〉}. (5)
The critical dipole factor is evaluated from the gradient approximation, as successfully
utilized in carbon-related sp2-bonding systems.40 That is,
〈
Ψc(nc,k)
∣∣∣ px
me
∣∣∣Ψv(nv,k)〉 ∼= ∂
∂kx
〈
Ψc(nc,k)
∣∣∣H∣∣∣Ψv(nv,k)〉. (6)
Equation (6) clearly indicates that the electric-dipole magneto-optical excitations are
dominated by the Ai (Bi) subenvelope functions of the initial n
v LL and the Bi′ (Ai′) ones
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of the final nc LL. Since the velocity matrix element is associated with the k-dependent
nearest-neighbor hopping integrals, i and i′ denote the nearest-neighbor lattice sites. By
accurate calculations and detailed examinations on the well-behaved LLs, only the first
and second terms in Eq. (6) make the significant contributions. Most importantly, the
available transition channels need to satisfy the ∆n = 0 selection rule so that the quantum
mode of the initial valence LL state at the Ai (Bi) sublattice is identical to that of the final
conduction LL state at the Bi (Ai) sublattice.
III. RESULTS AND DISCUSSION
A. Electronic structure
The Si-doped graphene exhibits the unusual low-energy electronic properties. For the
type I (the red curves in Fig. 3(a)), the valence and conduction bands, nearest to the
Fermi level (EF ), have the parabolic energy dispersions separated by a direct energy
gap of Eg = 0.74 eV. The electronic energy spectrum is anisotropic along the different
k-directions, and it is asymmetric about EF . Similar results are also revealed in the type
III of lower-concentration system with a 0.26 eV band gap (the blue curves in Fig. 3(a)).
Energy gap appears only if the guest atoms are situated at either the Ai or Bi sublattices.
The non-uniform site energies and hopping integrals further induce the partial termination
of the pi bonding (the minor localized states), as observed in the zero-field and magnetic
wave functions (Figs. 4(a), 4(b); 4(d)). On the other side, Eg vanishes for the type II
distribution configuration (the solid curve in Fig. 2(b)). The guest-atom distribution with
equal weight induces the distorted pi and thus the strongly modified Dirac cone structure
with an obvious shift of Dirac point, the reduced Fermi velocity, and the anisotropic energy
spectrum. Apparently, graphene exhibits a well-behaved Dirac cone (the dashed curve)
because of the purely hexagonal symmetry.
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(b)(a)
FIG. 3: (Color online) The (a)-(c) low-lying energy bands for three types of Si distributions and
concentrations as mentioned in Fig. 1. The Dirac cone of pristine graphene (type IV) is also shown
in Fig. 2(b) for comparison.
B. The quantized Landau levels
The magneto-electronic properties exhibit the rich and unique features. The low-lying
LL energy spacings, as shown at Bz = 10 T in Figs. 4(a) and 4(b), are almost uniform
and have an energy gap close to the zero-field value. In general, the quantum number of
each LL is defined from the zero points of the dominating oscillation mode. For the 12.5 %
Si-Ai-sublattice graphene, the magnetic Bloch wave function arises from the subenvelope
functions of the 16 tight-binding functions on the corresponding sublattices. Its spatial
probability distribution of the (kx = 0, ky = 0) state is localized at (1/6 & 4/6) and (2/6
& 5/6) of an enlarged unit cell (Fig. 1(c)). Any (kx, ky) LL states in the reduced first
Brillouin are doubly degenerate except for the spin degree of freedom. Apparently, the
decoration of Si guest atoms leads to the destruction of the planar inversion symmetry and
thus the non-degenerate 1/6 and 2/6 LL states. According to the neighboring chemical
environment, the original 16 sublattices could be classified into four subgroups of (A1,
A6), (A2, A3, A4, A5, A7, A8), (B1, B2, B4, B5, B6, B7), and (B3, B8). The low-energy
conduction LL states are dominated by the A1 sublattice with the Si-3pz tight-binding
function, so that the zero-point number of the well-behaved probability distribution could
serve as a good quantum number. nc =0, 1, 2 and so on appears in the normal sequence.
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Specifically, the contributions from the B3 sublattice are small, as seen in the zero-field
wave functions. The oscillation modes are characterized by nc for the significant sublattices
except for the weak nc ± 1 B3 sublattice. On the other hand, the valence LL states mainly
originate from all the Bi sublattices of the C-2pz tight-binding functions, where they have
the similar oscillation modes in determining nv. The contributions from the Ai sublattices
are very small, and the number of zero points is nv − 1 or nv + 1 (Figs. 4(a) and 4(b)). The
sequences of nc and nv present good orderings, i.e., the crossing or anti-crossing behaviors
are absent. These reliable magneto-electronic properties are very useful in understanding
the rich magneto-optical excitation spectra.
(a) (b)1/6 2/6 (c)
(d)
(e)
FIG. 4: (Color online) The conduction and valence LL energy spectra and corresponding probability
distributions for (a)-(b) type I near the 1/6 and 2/6 localization centers at Bz = 10 T. Similar plots
for (c) type II, (d) type III and (e) type IV are also presented. In Fig. (d), B1st = {B1,2,15,19,20,29},
B2nd = {B5,14,16,23,30,32}, B3rd = {B3,4,6,8,11,12,17,18,22,24,25,26}, B4th = {B9,10,13,27,28,31}, and B5th =
{B7,21} denote the B sublattices which are from the nearest to the furthest to the doped Si atoms,
respectively.
The spatial oscillation modes are very sensitive to the changes in the distribution con-
figuration and concentration of guest atoms. There exist four kinds of LLs, corresponding
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to four types of lattice geometries. For a very strong non-equivalence between Ai and Bi
sublattices and enough high concentration (2:16 under the Si-(A1, A6) configuration in Fig.
1(a)), only the significant sublattices exhibit the similar oscillation modes for the low-lying
valence and conduction LLs (the first kind in Figs. 4(a)-4(b)). However, the enhanced
equivalence (green balls in Fig. 1(a)) and the reduced concentration (Fig. 1(b)) can create
the composite behaviors related to the heavily non-equivalent Ai & Bi sublattices and the
fully equivalent ones (e.g., pristine graphene). The former, with two Si atoms in A6 and
B4 sublattices, has the highly equivalent environment. All the sublattices make significant
contributions to the LL wave functions, in which the difference of zero point number is
± 1 for Ai and Bi sublattices (the second kind in Fig. 4(c)). Specifically, their spatial
distributions are highly asymmetric and localization centers seriously deviate from 1/6 &
2/6, directly reflecting the seriously titled Dirac-cone (Fig. 3(b)). Also, a seriously distorted
distribution consists of the main nc,v mode and the side nc,v ± 1 ones. The localization
centers are recovered to the normal positions under the decrease of concentration with the
Si-Ai distribution (2:64 in Fig. 1(b)). The certain Bi sublattices, which are farthest from
the Si atom and possess nc ± 1 modes, become observable for the conduction LLs, and
so do for the Ai sublattices in valence LLs (the third kind in Fig. 4(d)). Moreover, the
wave functions in other Bi sublattices presents the highly asymmetric distributions for the
Si-dominated LLs. Finally, a pristine graphene displays the well-behaved LLs about the
localization centers and the difference of ± 1 in the zero-point number due to the equivalent
A and B sublattices (the fourth kind in Fig. 4(e)).
The Bz-dependent LL energy spectrum, as clearly indicated in Figs. 5(a)-5(e), presents
the unusual features. The crossing or anti-crossing behaviors are forbidden for the low-lying
LLs, illustrating the well separated LL states and the specific-mode wave functions. For
the first and third kinds of LLs (Figs. 5(a), 5(b) and 5(d)), the dispersion relation is
almost linear, and the LL energy spacing is uniform. Specifically, the initial valence and
conduction LLs, which are, respectively, related to the 1/6 and 2/6 localization centers,
remain the fixed energies during the variation of field strength. They purely come from the
localized electronic states, since the magnetic wave functions vanish in all the Ai or the Bi
sublattices, as observed from Figs. 4(a) and 4(b). That is, the termination of the pi bonding
appears on a guest-host mixed hexagonal lattice. A uniform perpendicular magnetic field
12
1/6 2/6(a) (b) (c) (d) (e)
FIG. 5: (Color online) The (a)-(e) Bz-dependent LL energy spectra corresponding to four types of
lattice geometries in Fig. 3. The density of states are also shown for the type I of Si distribution
configuration.
can create the splitting of the localized and extended electronic states; otherwise, they are
hybridized each other and are revealed near the K and K′ valleys. Such LL states could be
examined from the STS measurements on the van Hove singularities of the density of states,
e.g., the delta-function-like prominent peaks across the Fermi level (Figs. 5(a) and 5(b)).
On the other side, the second and fourth kinds of LLs shows the
√
Bz-dependent energy
spectra except for the constant energy of the degenerate nc,v = 0 LLs. Apparently, the latter
has the largest energy spacing among four kinds of LLs because of the lowest density of states.
C. The magneto-optical selection rules
The main features of LLs are directly reflected in magneto-optical absorption spectra
with a lot of delta-function-like peaks, as demonstrated in Fig. 6. For the Si-A1-doped
graphene with 2:16 concentration (Fig. 6(a)), the spectral intensity gradually declines with
the increasing frequency, while the energy spacing between two neighboring absorption
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peaks is almost uniform. Only the inter-LL transitions, which correspond to the identical
quantum mode in the valence and conduction LLs, are revealed as the significant absorption
peaks. For example, the threshold frequency due to 0v → 0c is 0.743 eV very close to the
energy gap. The magneto-optical selection rule, ∆n = 0, could be thoroughly examined
from the electric-dipole momentum in Eq. (6). It is mainly dominated by the specific
Hamiltonian matrix elements covering the nearest-neighboring hopping integrals. As a
result, the effective vertical excitations depend on the subenvelope functions of the Bi/Ai
& Bi+1/Ai sublattices in the n
v/nc LLs. Furthermore, the significant sublattices present
the same zero-point number. These results are responsible for a new selection rule, is never
found in other condensed-matter systems up to now.
(a)
(b)
(c)
(d)
FIG. 6: (Color online) The magneto-optical absorption spectra of (a) type I, (b) type II, (c) type
III, and (d) type IV of Si-doped graphene systems.
Both ∆n = 0 and 1 come to exist together under the reduced non-equivalence of A−i
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and Bi sublattices, as clearly shown in Figs. 6(b) and 6(c). As to the Si-(A3, B5)-decorated
graphene of 2:16 concentration, two categories of inter-LL excitation channels frequently
appear during the variation of frequency. The absorption peaks of ∆n = 1 decrease
quickly, while the opposite is true for those of ∆n = 0. The former and the latter,
respectively, come from the neighboring Ai and Bi sublattices with the mode difference
of ± 1 and 0. The lower-frequency absorption peaks are dominated by ∆n = 1, since the
corresponding LLs, being similar to those of graphene, are magnetically quantized from the
low-lying titled Dirac cone. However, with the increasing energy, the enlarged derivation of
localization center and the enhanced distortion of spatial probability (Fig. 4(c)) create and
enhance the available channels of ∆n = 0 through the strengthened side mode. Such char-
acteristics lead to the strong competition between these two kinds of magneto-selection rules.
On the other hand, the coexistent selection rules present another kind of behavior for the
Si-Ai-doped graphene with the reduced concentration (Fig. 6(c)). The ∆n = 0 channels
dominate the lower-frequency absorption spectrum, since the significant sublattices possess
the same oscillation modes (Fig. 4(d)). Their peak intensities slowly grow with the
increasing frequency, clearly indicating the significant competition or cooperation between
two categories of inter-sublattice transitions. Bi → Ai and Ai → Bi (except for the furthest
ones) appear under the nv → nc inter-LL transition, in which the second category is absent
for a sufficiently high concentration in Fig. 6(a). Especially, the quick enlargement of the
∆n = 1 absorption peaks is due to the enhanced oscillations in the Ai sublattices of valence
LLs & the furthest Bi sublattices of conduction LLs, and the strengthened side modes in
other Bi sublattices. On the other hand, it is well known that graphene only presents the
∆n = 1 absorption peaks with a uniform optical spectrum (Fig. 6(d)) as a result of the
full equivalence of A and B sublattices. Among all the Si-doped graphene systems, the
pristine one has the strongest intensity and the largest energy spacings. These are closely
related to the smallest density of states of the isotropic Dirac cone, as indicated from
a detailed comparison with the separated parabolic bands and the titled Dirac cone (Fig. 3).
The diverse magneto-electronic properties and absorption spectra could be verified
by STS and optical spectroscopies, respectively. STS is a very efficient method for
examining the quantized energy spectra. The tunneling differential conductance (dI/dV)
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is approximately proportional to the DOS, and it directly reflects the structure, energy,
number and height of the LL peaks. Part of the theoretical predictions have been confirmed
under the magnetic measurements, such as the
√
Bz-dependent LL energies in monolayer
graphene,32 the linear Bz-dependence in bilayer AB stacking,
33 the coexistence of the
square-root and linear Bz-dependences in trilayer AB-stacked graphene,
17 and the 3D and
2D characteristics of the Landau subbands in Bernal graphite.34 Magnetic quantization phe-
nomena of layered systems could also be identified by magneto-optical spectroscopies.26,35–38
The examined phenomena are exclusive in graphene-related systems, such as 0D LLs in
few-layer graphenes and 1D Landau subbands in bulk graphites.26,35,36 A lot of prominent
delta-function-like absorption peaks are clearly shown by the inter-LL excitations due to
massless and massive Dirac fermions in monolayer26 and AB-stacked bilayer graphenes.35
The former and the latter absorption frequencies are square-root and linearly proportional
to Bz, respectively. As to the inter-Landau-subband excitations in Bernal graphite, one
could observe a strong dependence on the wave vector kz, which characterizes both kinds
of Dirac quasi-particles.37,38 In short, the experimental examinations on four kinds of LLs
and the distinct magneto-optical selection rules could provide the full information about
the diversified essential properties, establish the emergent binary or ternary graphene
compounds, and confirm the developed theoretical framework.
IV. CONCLUDING REMARKS
The Si-doped graphene systems, the emergent 2D binary compound materials, are
worthy of the systematically theoretical and experimental researches and very suitable
for exploring the novel physical phenomena. These systems have revealed the diverse
electronic and optical properties under the magnetic quantization, being absent in other
condensed-matter systems. There exist four kinds of LLs, according to the probability
distributions and oscillation modes on the distinct sublattices, and the relations between Ai
and Bi sublattices. They cover the significant Bi sublattices of valence LLs & Ai sublattices
of conduction LLs with the same modes, the observable (Ai, Bi) sublattices with a mode
difference of ± 1, the serious deviations of localization centers & the highly asymmetric
distributions composed of the main and side modes, the same modes for valence Bi and
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conduction Ai sublattices, the ± 1 zero-point differences between valence Ai and conduction
Bi sublattices & the perturbed multi-modes in most of conduction Bi sublattices (except
for the furthest ones); the oscillator-like oscillation modes with the equivalent A and B
sublattices. Such LLs lead to the unusual magneto-optical selection rules of the dominating
∆n = 0, the coexistent ∆n = 1 & 0 with strong competitions, and the specific ∆n = 1.
The interesting features of LLs correspond to various concentrations and distribution
configurations; they are, the Si-Ai-doped graphene with an enough high concentration, the
(Ai, Bi)-decorated graphene, the low-concentration Ai-doped system, and the pristine one.
In this work, the generalized theoretical framework takes into account simultaneously all
the critical factors of non-uniform bond lengths, site energies and hopping integrals, and
external field effects without the perturbation forms. This method is expected to be very
useful in fully understanding the essential properties of the main-stream layered systems.
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